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Abstract
Combinatorial t-designs have nice applications in coding theory, finite geometries and
several engineering areas. The objective of this paper is to study how to obtain 3-
designs with 2-transitive permutation groups. The incidence structure formed by the or-
bits of a base block under the action of the general affine groups, which are 2-transitive,
is considered. A characterization of such incidence structure to be a 3-design is pre-
sented, and a sufficient condition for the stabilizer of a base block to be trivial is given.
With these general results, infinite families of 3-designs are constructed by employing
APN functions. Some 3-designs presented in this paper give rise to self-dual binary
codes or linear codes with optimal or best parameters known. Several conjectures on
3-designs and binary codes are also presented.
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1. Introduction
Let P be a set of v ≥ 1 elements, and let B be a set of k-subsets of P , where k
is a positive integer with 1 ≤ k ≤ v. Let t be a positive integer with t ≤ k. The pair
D = (P ,B) is called an incidence structure. The incidence structure D = (P ,B) is
said to be a t-(v,k,λ) design, or simply t-design, if every t-subset of P is contained in
exactly λ elements of B .
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Let q be a power of 2 and GF(q) be the finite field of order q. The general affine
group GA1(q) of degree one consists of all the following permutations of the finite field
GF(q):
pia,b(x) = ax+ b,
where (a,b) ∈ GF(q)∗×GF(q). Let B be a k-subset of GF(q) and pi(B) = {pi(x) : x ∈
B}, where pi ∈ GA1(q). The orbit of B under the action of GA1(q) is GA1(q)(B) =
{pi(B) : pi ∈GA1(q)}, and the stabilizer of B under the action of GA1(q) is GA1(q)B =
{pi ∈ GA1(q) : pi(B) = B}. The incidence structure S(B) := (GF(q),GA1(q)(B)) may
be a t-(q,k,λ) design for some λ, where GF(q) is the point set, and the incidence
relation is the set membership. In this case, we say that the base block B supports a
t-design and (GF(q),GA1(q)(B)) is called the orbit design of B.
The following theorem shows that the incidence structure (GF(q),GA1(q)(B)) is
always a 2-design (see [2, Proposition 4.6] or [15]).
Theorem 1. Let P = GF(q) and B = GA1(q)(B), where B is any k-subset of GF(q)
with k≥ 2. Then (P ,B) is a 2-(q,k,λ) design, where
λ =
k(k− 1)
|GA1(q)B|
.
The main motivation of this paper is to study how to choose a base block B⊆GF(q)
properly so that (GF(q),GA1(q)(B)) is a 3-design. We first give a characterization of
3-designs (GF(q),GA1(q)(B)) by means of their characteristic functions, the Walsh
transforms of their characteristic functions, and the number of solutions of some spe-
cial equations associated with the base block B. Next, we present a sufficient condition
for the stabilizer of a base block under the action of the general affine group to be triv-
ial. Finally, we introduce two constructions of 3-designs from APN functions. Specif-
ically, using the first construction, we obtain
φ(n)
2
different 3-designs with parameters
(2n,2n−1,2n−3(2n− 4)) from Kassami APN functions. Magma programs show that
many new 3-designs can be obtained from the second construction. Finally, we show
that some of the linear codes from the 3-designs of this paper are optimal or self-dual.
The rest of this paper is arranged as follows. Section 2 gives a characterization of
those base blocks supporting 3-designs. Section 3 presents a sufficient condition for the
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stabilizer of a base block to be trivial. Section 4 presents two constructions of 3-designs
from APN functions. Section 5 concludes this paper and makes some remarks.
2. The characterization of the base blocks supporting 3-designs
Let n be a positive integer and q= 2n. For any Boolean function f from GF(2n) to
GF(2), theWalsh transform of f at µ ∈ GF(2n) is defined as
fˆ (µ) = ∑
x∈GF(2n)
(−1) f (x)+Tr(µx),
where Tr(·) is the absolute trace function from GF(2n) to GF(2). All the values fˆ (µ)
are also called the Walsh coefficients of f . The Boolean function f is said to be semi-
bent if { fˆ (µ) : µ ∈ GF(2n)} = {0,±2
n+1
2 }. Hence semi-bent functions over GF(2n)
exist only for odd n.
Let B be a subset of GF(q). Then, the characteristic function fB(x) of B is given by
fB(x) =

 1, x ∈ B,0, otherwise.
Some results on characteristic functions are given in the following lemmas.
Lemma 2. Let a,b be two distinct elements in GF(q). Let B be a k-subset of GF(q).
Then
(1) fˆB(0) = q− 2k.
(2) ∑x,y∈GF(q)(−1)
fB(ax+y) = q(q− 2k).
(3) ∑x,y∈GF(q)(−1)
fB(ax+y)+ fB(bx+y) = (q− 2k)2.
Proof. By the definition of Walsh transform, one has
fˆB(0) = ∑
x∈GF(q)
(−1) fB(x)
=q−|B|− |B|
=q− 2k.
The conclusion of Part (1) then follows.
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For a ∈ GF(q), one gets
∑
x,y∈GF(q)
(−1) fB(ax+y) = ∑
x∈GF(q)
∑
y∈GF(q)
(−1) fB(ax+y)
= ∑
x∈GF(q)
∑
y∈GF(q)
(−1) fB(y)
=q fˆB(0)
=q(q− 2k).
Since a 6= b, (x,y) 7→ (ax+ y,bx+ y) is a bijection over GF(q)2. Then
∑
x,y∈GF(q)
(−1) fB(ax+y)+ fB(bx+y) = ∑
x,y∈GF(q)
(−1) fB(x)+ fB(y)
=
(
∑
x∈GF(q)
(−1) fB(x)
)2
=( fˆB(0))
2
=(q− 2k)2.
This completes the proof.
Lemma 3. Let a,b ∈ GF(q) and E be any k-subset of GF(q). Then
∑
x,y∈GF(q)
(−1) fE(x)+ fE (y)+ fE (ax+by) =
1
q
∑
α∈GF(q)
fˆE(aα) fˆE (bα) fˆE(α).
Proof. Let S= ∑x,y∈GF(q)(−1)
fE (x)+ fE(y)+ fE (ax+by). Then
S=
1
q
∑
x,y,z∈GF(q)
(−1) fE (x)+ fE (y)+ fE (z) ∑
α∈GF(q)
(−1)Tr(α(ax+by+z))
=
1
q
∑
α∈GF(q)
fˆE(aα) fˆE(bα) fˆE(α).
This completes the proof.
Let E be any subset of GF(q) and a,b,c ∈ GF(q). Define
NE(a,b,c) = |{ax+ by+ cz= 0 : x,y,z ∈ E}|.
The following lemma gives the relation between characteristic functions andNE(a,b,c).
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Lemma 4. Let a,b,c ∈ GF(q)∗ and E be any k-subset of GF(q). Then
1
q
∑
α∈GF(q)
fˆE(aα) fˆE(bα) fˆE(cα) = q
2− 6kq+ 12k2− 8NE(a,b,c).
Proof. Let α 6= 0, then
fˆE(α) = ∑
x∈GF(q)
(−1) fE(x)(−1)Tr(αx)
= ∑
x∈GF(q)
(
(−1) fE(x)− 1
)
(−1)Tr(αx)+ ∑
x∈GF(q)
(−1)Tr(αx)
=− 2 ∑
x∈E
(−1)Tr(αx)+ ∑
x∈GF(q)
(−1)Tr(αx)
=− 2 ∑
x∈E
(−1)Tr(αx).
Denote 1
q ∑α∈GF(q) fˆE(aα) fˆE(bα) fˆE(cα) by S, then
S=
1
q
∑
α∈GF(q)∗
fˆE(aα) fˆE(bα) fˆE(cα)+
1
q
fˆE(0)
3
=
−8
q
∑
α∈GF(q)∗
(
∑
x∈E
(−1)Tr(aαx)
)(
∑
x∈E
(−1)Tr(bαx)
)(
∑
x∈E
(−1)Tr(cαx)
)
+
1
q
fˆE(0)
3
=
−8
q
∑
α∈GF(q)∗
∑
x,y,z∈E
(−1)Tr(aαx+bαy+cαz)+
1
q
fˆE(0)
3
=
−8
q
∑
x,y,z∈E
∑
α∈GF(q)∗
(−1)Tr((ax+by+cz)α)+
1
q
fˆE(0)
3
=
−8
q
∑
x,y,z∈E
∑
α∈GF(q)
(−1)Tr((ax+by+cz)α)+
8
q
|E|3+
1
q
fˆE(0)
3
=− 8NE(a,b,c)+
8
q
|E|3+
1
q
fˆE(0)
3.
The desired conclusion then follows from Part (1) of Lemma 2.
In order to characterize those base blocks supporting 3-designs, we need the next
lemmas.
Lemma 5. Let B be a k-subset of GF(q). Let E be a subset of GF(q) such that fˆB(µ) =
fˆE(µ
d) for any µ ∈GF(q), where gcd(d,q− 1) = 1. Let a,b ∈ GF(q)∗. Then
∑
x,y∈GF(q)
(−1) fB(x)+ fB(y)+ fB(ax+by) = q2− 6qk+ 12k2− 8NE(a
d ,bd ,1).
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In particular, NB(a,b,1) = NE(a
d ,bd ,1).
Proof. Let S= ∑x,y∈GF(q)(−1)
fB(x)+ fB(y)+ fB(ax+by). Using Lemma 3, one obtains
S=
1
q
∑
α∈GF(q)
fˆB(aα) fˆB(bα) fˆB(α).
From fˆB(µ) = fˆE(µ
d), one has
S =
1
q
∑
α∈GF(q)
fˆE((aα)
d) fˆE((bα)
d) fˆE(α
d)
=
1
q
∑
α∈GF(q)
fˆE(a
dα) fˆE (b
dα) fˆE (α).
From Lemma 4, one has
S = q2− 6q|E|+ 12|E|2−NE(a
d ,bd,1).
From Part (1) of Lemma 2 and fˆE(0) = fˆB(0), one obtains |E|= |B|= k. The desired
conclusion then follows.
Lemma 6. Let B be a k-subset of GF(q). Let E be a subset of GF(q) such that
fˆB(µ) = fˆE(µ
d) for any µ ∈ GF(q), where gcd(d,q− 1) = 1. Let IB(u1,u2,u3) =
|
{
(x,y) ∈ GF(q)2 : uix+ y ∈ B (i= 1,2,3)
}
|, where u1,u2,u3 are three pairwise dis-
tinct elements in GF(q). Then
IB(u1,u2,u3) = NE
(
(u2+ u3)
d ,(u3+ u1)
d ,(u1+ u2)
d
)
.
Proof. From the definition of the function fB, one has
8IB(u1,u2,u3) = ∑
x,y∈GF(q)
3
∏
i=1
(
1− (−1) fB(uix+y)
)
=q2−
3
∑
i=1
∑
x,y∈GF(q)
(−1) fB(uix+y)
+ ∑
1≤i< j≤3
∑
x,y∈GF(q)
(−1) fB(uix+y)+ fB(u jx+y)
− ∑
x,y∈GF(q)
(−1)∑
3
i=1 fB(uix+y).
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By Lemma 2, one gets
8IB(u1,u2,u3) = q
2− 6kq+ 12k2− ∑
z,w∈GF(q)
(−1)∑
3
i=1 fB(uiz+w).
With the substitution z= x+y
u1+u2
, w= u1
x+y
u1+u2
+ x, one obtains
8IB(u1,u2,u3) =q
2− 6kq+ 12k2− ∑
z,w∈GF(q)
(−1)∑
3
i=1 fB(uiz+w)
=q2− 6kq+ 12k2− ∑
x,y∈GF(q)
(−1)
fB(x)+ fB(y)+ fB
(
(u2+u3)x+(u3+u1)y
u1+u2
)
.
By Lemma 5, one gets
IB(u1,u2,u3) = NE
((
u2+ u3
u1+ u2
)d
,
(
u3+ u1
u1+ u2
)d
,1
)
.
Since NE(a,b,c) =NE(λa,λb,λc) for a,b,c∈GF(q) and λ∈GF(q)
∗, the desired con-
clusion then follows.
The following lemma characterizes the 3-design from the base blockB by IB(u1,u2,u3).
Lemma 7. Let B be a k-subset of GF(q) with k ≥ 3 and B = GA1(q)(B). Define
IB(u1,u2,u3)= |
{
(x,y) ∈ GF(q)2 : uix+ y ∈ B (i= 1,2,3)
}
|, where u1,u2,u3 are three
pairwise distinct elements in GF(q). Then, (GF(q),B) is a 3-design, if and only if,
IB(u1,u2,u3) is independent of the specific choice of u1,u2 and u2.
Proof. Let GA1(q)B = s. Then, B = {pi1(B), . . . ,pib(B)}, where b =
q(q−1)
s
and pii ∈
GA1(q) (1≤ i≤ b), and, GA1(q) = {piipi : 1≤ i≤ b,pi ∈ GA1(q)B}.
For any 3-subset {u1,u2,u3} of GF(q), define
λ{u1,u2,u3} = |M(u1,u2,u3)|,
whereM(u1,u2,u3) = {pii(B) : 1≤ i≤ b,{u1,u2,u3} ⊆ pii(B)}. Note that
|M(u1,u2,u3)|=
1
s
M(u1,u2,u3),
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whereM(u1,u2,u3) = {pi ∈GA1(q) : {u1,u2,u3} ⊆ pi(B)}. Thus,
λ{u1,u2,u3} =
1
s
|{pi ∈ GA1(q) : pi(ui) ∈ B(i= 1,2,3)}|
=
1
s
|{(x,y) ∈ GF(q)∗×GF(q) : (uix+ y) ∈ B(i= 1,2,3)}|
=
1
s
|{(x,y) ∈ GF(q)×GF(q) : (uix+ y) ∈ B(i= 1,2,3)}|
−
1
s
|{y ∈ GF(q) : y ∈ B}|.
Thus,
λ{u1,u2,u3} =
IB(u1,u2,u3)− k
s
. (1)
The desired conclusion then follows from Equation (1).
The following theorem presents a characterization of base blocks supporting 3-
designs.
Theorem 8. Let B be a k-subset of GF(q) with k ≥ 3 and B = GA1(q)(B). Let E be a
subset of GF(q) such that fˆB(µ) = fˆE(µ
d) for any µ ∈ GF(q), where gcd(d,q−1) = 1.
Then, the following are equivalent:
(1) (GF(q),B) is a 3-design.
(2) ∑x,y∈GF(q)(−1)
fE (x)+ fE (y)+ fE (u
dx+(1+u)dy) is independent of u, where u∈GF(q)\
GF(2).
(3) ∑α∈GF(q) fˆE(α) fˆE(u
dα) fˆE ((1+ u)
dα) is independent of u, where u ∈ GF(q) \
GF(2).
(4) NE(u
d ,(1+ u)d,1) is independent of u, where u ∈GF(q)\GF(2).
Proof. From Lemmas 3 and 4, one has
∑
x,y∈GF(q)
(−1) fE (x)+ fE (y)+ fE (u
dx+(1+u)dy)
=
1
q
∑
α∈GF(q)
fˆE(u
dα) fˆE ((1+ u)
dα) fˆE(α)
= q2− 6|E|q+ 12|E|2− 8NE(u
d ,(1+ u)d,1).
Hence, Parts (2), (3) and (4) are equivalent.
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Assume that (GF(q),B) is a 3-design. By Lemma 7, IB(u1,u2,u3) is independent
of the specific choice of the 3-subset {u1,u2,u3} in GF(q). By Lemma 6, one has
NE
(
(u2+ u3)
d ,(u3+ u1)
d ,(u1+ u2)
d
)
is also independent of the specific choice of the
3-subset {u1,u2,u3} in GF(q). In particular, by choosing u1 = 0, u2 = 1 and u3 = u ∈
GF(q)\GF(2), NE(u
d ,(1+ u)d,1) is independent of u.
Conversely, assume that NE(u
d ,(1+u)d,1) is independent of u, where u∈GF(q)\
GF(2). By Lemma 6, IB(u1,u2,u3) is independent of the specific choice of the 3-subset
{u1,u2,u3} in GF(q). Thus, (GF(q),B) is a 3-design from Lemma 7.
It completes the proof.
Choosing E = B and d = 1 in Theorem 8, we have the following results.
Theorem 9. Let B be a k-subset of GF(q) with k ≥ 3 and B = GA1(q)(B). Then, the
following are equivalent:
(1) (GF(q),B) is a 3-design.
(2) ∑x,y∈GF(q)(−1)
fB(x)+ fB(y)+ fB(ux+(1+u)y) is independent of u, where u ∈ GF(q) \
GF(2).
(3) ∑α∈GF(q) fˆB(α) fˆB(uα) fˆB((1+ u)α) is independent of u, where u ∈ GF(q) \
GF(2).
(4) NB(u,1+ u,1) is independent of u, where u ∈GF(q)\GF(2).
The following theorem gives a characterization of a 3-design (GF(q),GA1(q)(B))
from a base block B in terms of the number of solutions of some associated equations.
Theorem 10. Let B be a k-subset of GF(q) with k ≥ 3 and B = GA1(q)(B). Suppose
that fˆB(µ) =∑x∈GF(q)(−1)
Tr(xt+µdx) for any µ∈GF(q), where gcd(td,q−1) = 1. Then,
(GF(q),B) is a 3-design, if and only if, |{x ∈ GF(q) :
(
udx+(1+ u)d
)t
+ xt + 1= 0}|
is independent of u, where u ∈ GF(q)\GF(2).
Proof. Let E = {x ∈ GF(q) : Tr(xt) = 1}. Then fE(x) = Tr(x
t) and fˆB(µ) = fˆE(µ
d).
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Let Su = ∑x,y∈GF(q)(−1)
fE(x)+ fE (y)+ fE (u
dx+(1+u)dy), where u ∈ GF(q)\GF(2). Then,
Su = ∑
x,y∈GF(q)
(−1)
Tr
(
xt+yt+(udx+(1+u)dy)
t
)
= ∑
y∈GF(q)∗
∑
x∈GF(q)
(−1)
Tr
(
xt+yt+(udx+(1+u)dy)
t
)
+ ∑
x∈GF(q)
(−1)Tr((1+u
dt)xt)
= ∑
y∈GF(q)∗
∑
x∈GF(q)
(−1)
Tr
(
yt
(
(xy−1)t+1+(udxy−1+(1+u)d)
t
))
= ∑
y∈GF(q)∗
∑
x∈GF(q)
(−1)
Tr
(
yt
(
xt+1+(udx+(1+u)d)
t
))
= ∑
x∈GF(q)
∑
y∈GF(q)∗
(−1)
Tr
(
y
(
xt+1+(udx+(1+u)d)
t
))
= ∑
x∈GF(q)
∑
y∈GF(q)
(−1)
Tr
(
y
(
xt+1+(udx+(1+u)d)
t
))
− q
=q|{x ∈ GF(q) : xt + 1+
(
udx+(1+ u)d
)t
= 0}|− q.
The desired conclusion then follows from Theorem 8.
3. The stabilizer of the base block
For any function h from GF(q) to the finite field GF(2) or the field of real numbers,
let Supp(h) denote the set {x ∈ GF(q) : h(x) 6= 0}. We have the following theorem for
the stabilizer of a base block.
Theorem 11. Let B,E be two subsets of GF(q) such that fE is a semi-bent function
from GF(q) to GF(2). Suppose that fˆB(µ) = fˆE(µ
d) for any µ∈GF(q) and Supp( fˆE) 6=
b ·Supp( fˆE) for any b ∈ GF(q)\GF(2), where gcd(d,q− 1) = 1. Then
GA1(q)B = {x}.
Hence, |GA1(q)(B)|= q(q− 1).
Proof. Let (b,c) ∈ GF(q)∗×GF(q) such that fB(bx+ c) = fB(x). The desired conclu-
sion is the same as that (b,c) = (1,0).
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Let S = ∑x∈GF(q)(−1)
fB(x)+ fB(bx+c). Since fB(bx+ c) = fB(x), we have S = q. We
now compute A in a different way. Note that
∑
µ∈GF(q)
(−1)Tr(µ(x+y)) =

 q if x= y,0 if x 6= y.
We have then
qS= ∑
x,y∈GF(q)
(−1) fB(x)+ fB(by+c) ∑
µ∈GF(q)
(−1)Tr(µ(x+y))
= ∑
µ∈GF(q)
∑
x∈GF(q)
(−1) fB(x)+Tr(µx) ∑
y∈GF(q)
(−1) fB(by+c)+Tr(µy)
= ∑
µ∈GF(q)
fˆB(µ) ∑
y∈GF(q)
(−1) fB(by+c)+Tr(
µ
b (by+c)+
cµ
b )
= ∑
µ∈GF(q)
fˆB(µ) fˆB(
µ
b
)(−1)Tr(
cµ
b ).
Since S = q, from fˆB(µ) = fˆE(µ
d), we then deduce that
q2 = ∑
β∈GF(q)
fˆE
(
µd
)
fˆE
((µ
b
)d)
(−1)Tr(
cµ
b ). (2)
Using this equation, we will prove that (b,c) = (1,0).
Let q= 2n. Since fE is semi-bent, then |Supp( fˆE)|= 2
n−1 and
q2 = ∑
µ∈GF(q)
fˆE
(
µd
)
fˆE
((µ
b
)d)
(−1)Tr(
cµ
b ) ≤ ∑µd∈T 2
n+1
2 2
n+1
2
≤ |T |2n+1
≤ 2n−12n+1,
where T = Supp( fˆE)∩b
dSupp( fˆE). Thus, |T |= 2
n−1. Hence, Supp( fˆE)= b
dSupp( fˆE).
From the assumption of this lemma, we must have b= 1.
Since b= 1, Equation (2) becomes
q2 = 2n+1 ∑
µd∈Supp( fˆE )
(−1)Tr(cµ).
This equation forces Tr(cµ) = 0 for all the 2n−1 nonzero elements µ ∈ GF(q) such
that µd ∈ Supp( fˆE). Note that Tr(c× 0) = 0. Thus, Tr(cx) = 0 has at least 2
n−1+ 1
solutions, which holds only if c= 0. This completes the proof.
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4. Two constructions of 3-designs from APN functions
The objective of this section is to construct 3-designs from APN functions over
GF(q), where q= 2n.
Recall that a function F from GF(q) to itself is called almost perfect nonlinear
(APN), if F(x+a)+F(x) = b has at most two solutions in GF(q) for every pair (a,b)∈
GF(q)∗×GF(q). F is said to be almost bent (AB) if WF(a,b) = 0, or ±2
n+1
2 for every
pair (a,b) with a 6= 0, where
WF(a,b) = ∑
x∈GF(q)
(−1)Tr(aF(x)+bx).
The following is a list of known APN power functions over GF(2n) of the form
F(x) = xs:
• s= 2i+ 1 with gcd(i,n) = 1 (Gold functions);
• s= 22i− 2i+ 1 with gcd(i,n) = 1 (Kasami functions);
• s= 2
n−1
2 + 3 with n odd ( Welch functions);
• s= 2
n−1
2 + 2
n−1
4 − 1 with n≡ 1 (mod 4),
s= 2
n−1
2 + 2
3n−1
4 − 1 with n≡ 3 (mod 4) (Niho functions);
• s= 2n− 2 with n odd (inverse functions);
• s= 2
4n
5 + 2
3n
5 + 2
2n
5 + 2
n
5 − 1 with n≡ 0 (mod 5) (Dobbertin functions).
When n is odd, Gold functions, Kassami functions,Welch functions and Niho functions
over GF(2n) are AB functions. We will present two constructions of 3-designs from
APN functions.
4.1. The first construction of 3-designs from Kassami APN functions
Let q = 2n with n odd. We follow the convention that if e is an exponent of a
power function over GF(q), then 1
e
is interpreted as the inverse of e modulo (q− 1).
Thus 1
e
exists if and only if gcd(e,q− 1) = 1. Let x2
2i−2i+1 be the Kassmi power
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function over GF(q) with gcd(i,n) = 1. Since gcd(2,n) = 1 and gcd(i,n) = 1, one has
gcd(3,q− 1) = gcd(2i+ 1,q− 1) = 1. Thus 1
3
and 1
2i+1
exist. Define
B= GF(q)\
{
((x+ 1)s+ xs+ 1)
1
2i+1 : x ∈GF(q)
}
, (3)
where s= 22i−2i+1. In this case, we also denote the base block B by KAn,i. We shall
study the incidence structure
KAn,i = (GF(2
n),GA1(2
n)(KAn,i)) .
The Walsh coefficients of fB is given in the following lemma [6, Lemma A1].
Lemma 12. Let n be an odd integer and let i be a positive integer with gcd(i,n) = 1.
Let B be the subset of GF(q) given by (3). Then for all µ ∈GF(q) we have
fˆB(µ) = fˆE
(
µ
2i+1
3
)
= ∑
x∈GF(q)
(−1)
Tr
(
x3+µ
2i+1
3 x
)
,
where E = {x ∈GF(q) : Tr(x3) = 1}.
A major result of this paper is the following.
Theorem 13. Let n be an odd integer and let i be a positive integer with gcd(i,n) = 1.
Let B be the base block given by (3). Then the incidence structureKAn,i=(GF(q),GA1(q)(B))
is a 3-
(
q, q
2
, q(q−4)
8
)
design.
It is observed that KAn,i and KAn,n−i are isomorphic. Thus, we only need to con-
sider the 3-design KAn,n−i, where 1≤ i≤
n−1
2
and gcd(i,n) = 1.
To prove Theorem 13, we need the following lemmas.
Lemma 14. Let σ1,σ2,σ3 ∈ GF(q) such that σ
2
1 6= σ2 and σ3 6= σ1σ2. Then the cubic
equation x3+σ1x
2+σ2x+σ3 = 0 has a unique solution x ∈ GF(2
n), if and only if
Tr
(
(σ2+σ
2
1)
3
(σ3+σ1σ2)2
+ 1
)
= 1.
Proof. The desired conclusion follows from [3, Theorem 2].
Lemma 15. Let n be an odd integer and i be a positive integer with gcd(i,n) = 1. Then
the cubic equation
(
udx+(1+ u)d
)3
+ x3+ 1 = 0 has a unique solution x ∈ GF(2n),
where d ≡ 2
i+1
3
(mod 2n− 1) and u ∈GF(q)\GF(2).
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Proof. Let S=
(
udx+(1+ u)d
)3
+ x3+ 1. Expanding
(
udx+(1+ u)d
)3
, one has
S =
(
1+ u3d
)
x3+ u2d(1+ u)dx2+ ud(1+ u)2dx+
(
(1+ u)3d+ 1
)
.
Note that gcd(3d,2n− 1) = 1 and u 6= 1. Then 1+ u3d 6= 0 and
S
1+ u3d
=x3+
u2d(1+ u)d
1+ u3d
x2+
ud(1+ u)2d
1+ u3d
x+
(1+ u)3d+ 1
1+ u3d
=x3+σ1x
2+σ2x+σ3.
One has
σ2+σ
2
1 =
ud(1+ u)2d
(
1+ u3d
)
+ u4d(1+ u)2d
(1+ u3d)
2
=
ud(1+ u)2d
((
1+ u3d
)
+ u3d
)
(1+ u3d)
2
=
ud(1+ u)2d
(1+ u3d)
2
(4)
and
σ3+σ1σ2 =
(
(1+ u)3d+ 1
)(
1+ u3d
)
+ u3d(1+ u)3d
(1+ u3d)
2
=
u3d +(1+ u)3d+ 1
(1+ u3d)
2
=
u2
i+1+(1+ u)2
i+1+ 1
(1+ u3d)
2
=
u2
i
+ u
(1+ u3d)
2
. (5)
By Equations (4) and (5) , σ2+σ
2
1 6= 0 and σ3+σ1σ2 6= 0 since u ∈ GF(2
n) \GF(2)
and gcd(i,n) = 1.
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Let A=
(σ2+σ
2
1)
3
(σ3+σ1σ2)2
. Using Equations (4) and (5) again, one has
A=
u3d(1+ u)6d
(
1+ u3d
)4
(1+ u3d)
6 (
u2
i
+ u
)2
=
u3d(1+ u)6d
(1+ u3d)
2 (
u2
i
+ u
)2
=
u2
i+1(1+ u)2
i+1+2(
1+ u2i+1
)2 (
u2
i + u
)2
=
UV (U+ 1)2(V + 1)2
(U+V)2(UV + 1)2
,
whereU = u and V = u2
i
. It is observed that
UV (U+ 1)2(V + 1)2
(U+V)2(UV + 1)2
=W 2+W,
whereW = U(V+1)
2
(U+V )(UV+1) . Thus, Tr
(
(σ2+σ
2
1)
3
(σ3+σ1σ2)2
+ 1
)
= Tr(W 2+W + 1) = 1. The de-
sired conclusion then follows from Lemma 14.
The proof of Theorem 13. Using Lemma 12, one has, for all µ ∈GF(q),
fˆB(µ) = fˆE
(
µ
2i+1
3
)
= ∑
x∈GF(q)
(−1)
Tr
(
x3+µ
2i+1
3 x
)
,
where E = {x ∈GF(q) : Tr(x3) = 1}. Combining Lemma 15 and Theorem 10, one has
(GF(q),GA1(q)(B)) is a 3-design.
Note that fE(x)=Tr
(
x3
)
is a semi-bent function [16], and Supp( fˆE)= {µ∈GF(q) :
Tr(µ) = 1}, which is a Singer difference set with parameters (q− 1,q/2,q/4) in the
group GF(q)∗. Thus, |b ·Supp( fˆE)∩Supp( fˆE)| = q/4 for any b ∈ GF(q) \GF(2) [6,
Proposition 2]. Then, |GA1(q)(B)| = q(q− 1) from Theorem 11. From Part (1) of
Lemma 2 and fˆB(0) = fˆE(0), one has |B|= |E|= q/2.
Hence, the incidence structure (GF(q),GA1(q)(B)) is a 3-
(
q, q
2
, q(q−4)
8
)
design.
This completes the poof of Theorem 13.
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4.2. Another construction of 3-designs from APN functions
Let xs be an APN function over GF(q)with gcd(s,q−1) = 1. Define the base block
Bs as
Bs = {(x+ 1)
s+ xs : x ∈ GF(q)}. (6)
Since xs is APN, the function (x+ 1)s+ xs is 2-to-1. Thus, |Bs| =
q
2
. In this case, we
also denote the base block Bs by APn,s. We shall study the incidence structure
APn,s = (GF(2
n),GA1(2
n)(APn,s)) .
When s= 2i+ 1, we have the following theorem on 3-designs APn,s.
Theorem 16. Let n ≥ 4 and s = 2i+ 1, where n/gcd(i,n) is odd. Then the incidence
structure APn,s = (GF(q),GA1(q)(Bs)) is a 3-(q,q/2,(q− 4)/4).
Proof. Note that (x+1)s− xs is an affine function. The proof is similar to the proof of
Corollary 29 in [9].
When s = 22i − 2i + 1, we need the following lemma to characterize 3-designs
APn,s.
Proposition 17. Let n= 3i±1 and s= 22i−2i+1, where i is an even positive integer.
Then,
fˆBs(µ) = fˆE(µ
d) = ∑
x∈GF(q)
(−1)
Tr
(
x2
i+1+µdx
)
,
where E = {µ : Tr(x2
i+1) = 1} and d ≡ 1
s
(mod 2n− 1).
Proof. If µ= 0, then from Part (1) of Lemma 2 one has fˆBs(µ) = fˆE(µ
d).
Suppose µ ∈ GF(q)∗. Then ∑x∈GF(q)(−1)
Tr(µx) = 0 and
fˆBs(µ) = ∑
x∈GF(q)
(−1) fBs (x)+Tr(µx)
= ∑
x∈GF(q)
(
(−1) fBs (x)− 1
)
(−1)Tr(µx)
= ∑
x∈Bs
(−2) · (−1)Tr(µx).
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Since (x+ 1)s+ xs is a two-to-one function from GF(q) to Bs, one has
fˆBs(µ) = ∑
x∈GF(q)
(−1) · (−1)Tr(µ((x+1)
s+xs))
=
−1
q
∑
x,y∈GF(q)
(−1)Tr(µ(x
s+ys)) ∑
β∈GF(q)
(−1)Tr(β(x+y+1))
=
−1
q
∑
β∈GF(q)
(−1)Tr(β)
(
∑
x∈GF(q)
(−1)Tr(µx
s+βx)
)2
.
Note that gcd(s,2n−1) = 1. Then ∑x∈GF(q)(−1)
Tr(µxs+βx) =∑x∈GF(q)(−1)
Tr(xs+µ−
1
s βx),
and
fˆBs(µ) =
−1
q
∑
β∈GF(q)
(−1)Tr(β)(gˆ(µ−
1
e β))2,
=
−1
q
∑
β∈GF(q)
(−1)Tr(µ
1
s β)(gˆ(β))2, (7)
where g(x) = Tr(xs). From [5], one has
gˆ(β) =

 ±2
n+1
2 , β ∈ E,
0, otherwise,
where E = {µ ∈ GF(2n) : Tr(µ2
i+1) = 1}. Then
fˆBs(µ) =− 2 ∑
x∈E
(−1)Tr(µ
1
s x). (8)
Using Equation (8), one gets
fˆBs(µ) = ∑
x∈GF(2n)
(
(−1) fE (x)− 1
)
(−1)Tr(µ
1
s x)
= ∑
x∈GF(2n)
(−1)Tr( fE (x)+µ
1
s x).
The desired conclusion then follows.
We have the following proposition on the incidence structure APn,s, where s =
22i− 2i+ 1.
Proposition 18. Let n= 3i±1 and s= 22i−2i+1, where i is an even positive integer.
Let d ≡ 1
s
(mod 2n− 1). Then, the incidence structure APn,s = (GF(q),GA1(q)(Bs))
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is a 3-
(
q, q
2
, q(q−4)
8
)
design, if and only if,
∣∣∣∣
{
x ∈ GF(2n) :
(
udx+(1+ u)d
)2i+1
+ x2
i+1+ 1= 0
}∣∣∣∣
is independent of u, where u ∈ GF(q)\GF(2).
Proof. By Proposition 17, one has
fˆBs(µ) = fˆE(µ
d) = ∑
x∈GF(q)
(−1)
Tr
(
x2
i+1+µdx
)
,
where E = {µ : Tr(x2
i+1) = 1}. Note that fE(x) = Tr
(
x2
i+1
)
is a semi-bent function
[16], and Supp( fˆE) = {µ ∈ GF(q) : Tr(µ) = 1} , which is a Singer difference set with
parameters (q−1,q/2,q/4) in the group GF(q)∗. Thus, for any b∈GF(q)\GF(2), |b ·
Supp( fˆE)∩Supp( fˆE)| = q/4. By Theorem 11, |GA1(q)(Bs)|= q(q− 1). The desired
conclusions follow from Theorem 10.
In accordance with Proposition 18, we propose the following conjecture, which is
useful for obtaining 3-designs.
Conjecture 1. Let n = 3i± 1 and s= 22i− 2i+ 1, where i is an even positive integer.
Let u ∈GF(q)\GF(2). Then, the equation
(
udx+(1+ u)d
)2i+1
+ x2
i+1+ 1= 0
has a unique solution x ∈GF(2n), where d ≡ 1
s
(mod 2n− 1).
Conjecture 1 was confirmed by Magma for n ∈ {5,7,11,13}. If Conjecture 1 is
true, the base block Bs ⊆ GF(2
n) supports a 3-design, where n = 6i± 1 and s = 24i−
22i+ 1.
The equation
(
udx+(1+ u)d
)2i+1
+ x2
i+1 + 1 = 0 may be reduced to Pa(x) =
x2
i+1+ x+ a = 0, which has been considered in [12, 13, 14]. When i is coprime to
n, denote i′ = 1
i
(mod n). Recall the following sequences of polynomials that were
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introduced by Dobbertin in [11]:
A1(x) =x,
A2(x) =x
2i+1,
A j+2(x) =x
2i( j+1)A j+1(x)+ x
2i( j+1)−2i jA j(x), for j ≥ 1,
B1(x) =0,
B2(x) =x
2i−1,
B j+2(x) =x
2i( j+1)A j+1(x)+ x
2i( j+1)−2i jA j(x), for j ≥ 1.
Define the polynomial Rn,i(x) as
Rn,i(x) =
i′
∑
j=1
A j(x)+Bi′(x).
For i′ = 1,2,3, the polynomials R
n, 1
i′
(x) is given by
Rn,1(x) =x,
R
n, 12
(x) =x2
i+1+ x2
i−1+ x,
R
n, 13
(x) =x2
2i+2i+1+ x2
2i+2i−1+ x2
2i−2i+1+ x2
i+1+ x,
where 1
i′
is the smallest positive integer i such that ii′≡ 1 (mod n). To solve Conjecture
1, one may need the following results [12].
Theorem 19. For any a ∈ GF(2n)∗ and a positive integer i < n with gcd(n, i) = 1,
the polynomial Pa(x) = x
2i+1+ x+ a has either none, one, or three zeros in GF(2n).
Further, Pa(x) has exactly one zero in GF(2
n) if and only if Tr
(
Rn,i(a
−1)+ 1
)
= 1.
Next, we present some conjectures on 3-designs. These conjectures have been
confirmed by Magma for n ∈ {5,7}.
Conjecture 2. Let n ≥ 5 be odd. Let s = 22i− 2i+ 1 with gcd(3i,n) = 1. Then the
incidence structure APn,s = (GF(q),GA1(q)(Bs)) is a 3-
(
q, q
2
, q(q−4)
8
)
design.
Conjecture 3. Let n≥ 5 be odd and s= 2
n−1
2 +3. Then the incidence structureAPn,s =
(GF(q),GA1(q)(Bs)) is a 3-
(
q, q
2
, q(q−4)
8
)
design.
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Conjecture 4. Let n≥ 5 be odd. Then the incidence structureAPn,s=(GF(q),GA1(q)(Bs))
is a 3-
(
q, q
2
, q(q−4)
8
)
design, where
• s= 2
n−1
2 + 2
n−1
4 − 1 with n≡ 1 (mod 4);
• s= 2
n−1
2 + 2
3n−1
4 − 1 with n≡ 3 (mod 4) .
4.3. A comparison with other constructions
Let KAn,i and APn,s be the incidence structures constructed in Subsections 4.1 and
4.2, respectively. The incidence structures KAn,i and APn,s are both constructed from
APN functions, which are a special type of polynomials over a finite fields. By a spe-
cial polynomial we mean a polynomial either of special form or with special property.
For instance, monomials and permutation polynomials are special polynomials. Spe-
cial polynomials have interesting applications in combinatorial designs. The Dickson
polynomials x5 + ax3 + a2x over GF(3m) led to a 70-year breakthrough in searching
for new skew Hadamard difference sets [10]. Recently, Ding and Tang [9] presented
two constructions of t-designs with oval polynomials (o-polynomials) over GF(q) and
obtained some families of 2-designs and 3-designs.
A polynomial F from GF(2n) to itself is called an o-polynomial if F(x) + ax is
2-to-1 for every a ∈ GF(2n)∗ [4]. If an o-polynomial F(x) is monomial, F(x) is also
called an o-monomial. Known o-monomials over GF(2n) are listed:
• Transn,i(x) = x
2i , gcd(i,n) = 1.
• Segren(x) = x
6, n odd.
• Glynnin(x) = x
3×2(n+1)/2+4, n odd.
• Glynnii(x) =

 x
2(n+1)/2+2(3n+1)/4 if n≡ 1 (mod 4),
x2
(n+1)/2+2(n+1)/4 if n≡ 3 (mod 4).
For any permutation polynomial F(x) over GF(q), we define F(x) = xF(xq−2). If F is
an o-polynomial over GF(q), then F is also an o-polynomial.
Let xs be an o-monomial overGF(2n). LetOVn,s be the incidence structure (GF(2
n),
GA1(q)(OVn,s)), where
OVn,s = {x
s+ x : x ∈ GF(2n)}.
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It follows from Lemma 3 of [9] and its proof that OVn,s is the same as the incidence
structure D(xs,2n−1) =
(
GF(2n),Bxs,2n−1
)
introduced in [9]. In [9], the authors proved
that OVn,s is a 3-
(
2n,2n−1,2n−3(2n− 4)
)
design if xs is the o-monomial Segren(x)
or Glynnii(x), and conjectured that the same conclusion is still true if xs is any o-
monomial with xs 6= Transn,i(x).
In general, it is extremely difficult to solve the isomorphy problem of t-designs
theoretically. We have done an isomorphic classification for the following set of 3-
designs in [9] and this paper for the case n= 5 with Magma:
{
KA5,1,KA5,2,AP5,5,AP5,7,AP5,13,OV5,6,OV5,26,OV5,28,OV5,4,OV5,24,OV5,8
}
.
DesignsAP5,5, AP5,7 andAP5,13 are the 3-designs fromNiho APN function,Welch
APN function and Kassami APN function, respectively. DesignsOV5,6,OV5,26,OV5,28,
OV5,4,OV5,24 andOV5,8 are 3-designs from o-monomials Segre5(x), Segre5(x), Glynni5(x),
Glynni5(x), Glynnii5(x) and Glynnii5(x), respectively. These 3-designs are divided
into seven distinct equivalence classes: {KA5,1}, {KA5,2}, {AP5,7}, {OV5,24}, {OV5,28},
{AP5,5, OV5,4, OV5,8}, {AP5,13, OV5,6, OV5,26}. Based on the above discussion, we
propose the following conjecture, which have been confirmed byMagma for n∈ {5,7}.
Conjecture 5. Let n ≥ 5 be odd and i ∈
{
i : 1≤ i≤ n−1
2
,gcd(i,n) = 1
}
. Let φ(n)
denote the Euler’s totient function. Then the
φ(n)
2
3-designs KAn,i are pairwise non-
isomorphic. Further, they are not equivalent to any designs presented in Subsection
4.2 from APN power functions, and are slso not equivalent to any designs introduced
in [9] from o-monomials.
4.4. Linear codes from the 3-designs of this paper
A t-design D = (P ,B) induces a linear code over GF(p) for any prime p. Let
P = {p1, . . . , pν}. For any block B ∈B , the characteristic vector of B is defined by the
vector cB = (c1, . . . ,cν) ∈ {0,1}
ν, where
ci =

 1, if pi ∈ B,0, if pi 6∈ B.
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For a prime p, a linear code Cp(D) over the prime field GF(p) from the design D
is spanned by the characteristic vectors of the blocks of B, which is the subspace
Span{vB : B ∈ B} of the vector space GF(p)
ν. Linear codes Cp(D) from designs D
have been studied and documented in the literature [1, 7, 17, 18]. For the codes of
3-designs in this paper, we propose the following two conjectures.
Conjecture 6. Let n≥ 5 be odd. Then the binary linear code C2(KAn,1) has parame-
ters [2n,2n+ 1,2n−1− 2
n−1
2 ] and weight enumerator
1+ uz2
n−1−2
n−1
2 + vz2
n−1
+ uz2
n−1+2
n−1
2 + z2
n
,
where u = 22n−1− 2n−1 and v= 22n+ 2n− 2. In addition, the dual code C2(KAn,1)
⊥
has parameters [2n,2n− 2n− 1,6].
Conjecture 7. Let n≥ 5 be odd and i ∈
{
i : 1≤ i≤ n−1
2
,gcd(i,n) = 1
}
. Then the
φ(n)
2
binary linear codes C2(KAn,i) are pairwise inequivalent.
Conjecture 6 was confirmed by Magma for n ∈ {5,7}. If Conjecture 6 is true, then
C2(KAn,1) holds three 3-designs, and C2(KAn,1)
⊥ holds exponentiallymany 3-designs
(see [8] for detail).
Conjecture 7 was confirmed by Magma for n ∈ {5,7}. If Conjecture 7 is true, then
the
φ(n)
2
designs KAn,i are pairwise non-isomorphic.
The codesC2(KA5,1), C2(KA5,2) andC2(KA7,1) have parameters [32,11,12], [32,21,6]
and [128,15,56], respectively. These codes are optimal. The binary code C2(KA7,2)
is a self-dual linear code with parameters [128,64,16]. The examples of codes above
demonstrate that it is worthwhile to study 3-designs KAn,i and their codes C2(KAn,i) ,
as these designs may yield optimal linear codes or self-dual binary codes.
5. Summary and concluding remarks
The main contributions of this paper are the following:
• The first one is the characterization of those base blocks supporting 3-designs
by the characteristic functions of the base blocks, the Walsh transforms of their
characteristic functions and the number of solutions of some special equations
associated with the base blocks.
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• The second is the sufficient condition for the stabilizer of a base block under the
action of the general affine group to be trivial, which was used to determine the
parameters of some 3-designs.
• The third is the two general constructions of 3-designs with APN functions over
GF(2n). The first construction has produced infinite families of 3-designs from
Kassami APN functions over GF(2n). Magma programs show that the second
construction yields also 3-designs from APN power functions over GF(2n).
There may be other ways to select bases blocks supporting 3-designs, a lot of work
can be done in this direction. The reader is warmly invited to attack the conjectures
presented in this paper.
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